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A skyrmion crystal has internal degrees of freedom in terms of vorticity and helicity, which gives rise to fascinating
types of skyrmion phases (Ne´el, Bloch, and anti-skyrmion). We show how the degeneracy lifting in tetragonal skyrmion
crystals occurs in centrosymmetric itinerant magnets by focusing on microscopic interactions through the Fermi surface
instability. We demonstrate that four types of skyrmion crystals can be realized according to the signs of the anisotropic
Ruderman-Kittel-Kasuya-Yosida interaction, which are sensitive to band structures, electron fillings, atomic orbitals,
and sublattice positions. Our findings might provide a possibility of controlling the types of the skyrmion crystals by
electron doping and external pressure rather than relying on the noncentrosymmetric lattice structures.
A magnetic skyrmion, whose magnetic texture is character-
ized by a topological number,1–5) has attracted much interest
in condensed matter physics since the experimental identifi-
cation of the magnetic skyrmion crystals (SkX) by neutron
scattering6) and Lorentz transmission electron microscopy.7)
The SkXs are classified into their vorticity l and helicity γ,
such as the Bloch SkX,6–10) Ne´el SkX,11, 12) anti-SkX,13–16)
and bi-SkX.17, 18) As the different types of the SkXs give rise
to different magneto-electric responses19) and dynamics,20–25)
their control might be promising for potential applications to
next-generation spintronic devices.
In noncentrosymmetric magnets, it has been well-known
that the SkXs are described5, 26, 27) by the spin model with
the ferromagnetic interaction and the Dzyaloshinskii-Moriya
(DM) interaction, the latter of which originates from the spin-
orbit coupling.28, 29) In particular, the types of the SkXs are
closely related to the direction of the DM vector determined
from the point group symmetry. When the DM vector lies in
the direction perpendicular to the bond, the Ne´el SkX with
l = 1 and γ = 0, pi or the anti-SkX (refereed as anti-SkX I)
with l = −1 and γ = 0, pi is stabilized, whereas the Bloch
SkX with l = 1 and γ = ±pi/2 or another anti-SkX (referred
as anti-SkX II) with l = −1 and γ = ±pi/2 is stabilized when
the DM vector is parallel to the bond direction. The difference
between the Ne´el (Bloch) SkX and two anti-SkXs is found in
the vorticity, which is attributed to the presence of the four-
fold rotational or fourfold rotational-inversion symmetry in
crystal systems. Thus, one can naturally expect the types of
the SkXs in noncentrosymmetric materials according to the
point group symmetry.30) For example, the Ne´el, Bloch, and
anti-SkXs emerge under the point groups C4v, D4, and D2d,
respectively, in the case of the tetragonal crystal systems, as
shown in Fig. 1.
In contrast to noncentrosymmetric magnets, the SkXs in
centrosymmetric magnets have degenerate internal degrees of
freedom in terms of l and γ.31–35) This is because dominant
interactions to stabilize the SkXs are a competing exchange
interaction in the frustrated magnets31–35) and a biquadratic
interaction through the spin-charge coupling in itinerant mag-
nets,36–41) which do not select specific l and γ. Meanwhile,
in real materials, such a degeneracy should be lifted owing to
the presence of additional small interactions, such as the crys-
talline magnetic anisotropy and dipole-dipole interactions.
Moreover, the spin-orbit coupling might play an important
role in lifting the degeneracy even in centrosymmetric mag-
nets. In fact, the recent observations in centrosymmetric mag-
nets indicate the definite type of the SkXs in various lattice
systems, such as the triangular-lattice system Gd2PdSi3,42–44)
the trimer system Gd3Ru4Al12,45) and the square-lattice sys-
tem GdRu2Si2.46)
In the present study, we demonstrate how the degeneracy
in terms of l and γ is lifted in the SkXs in centrosymmet-
ric lattice structures. By considering an effective model with
anisotropic bilinear-biquadratic interactions from a symmetry
viewpoint, we find that anisotropic Ruderman-Kittel-Kasuya-
Yosida (RKKY) interactions depending on the wave vectors
play an important role in determining the definite l and γ. We
realize four types of the SkXs (Ne´el, Bloch, and two anti-
SkXs) on a square lattice by using the simulated annealing.
We clarify that there are two key anisotropic parameters to de-
termine the types of the SkXs in the centrosymmetric tetrago-
nal point group D4h: one is the sign of the anisotropic interac-
tion in the ordering-vector channel, and the other is the sign
of the anisotropic interaction in the higher harmonic channel
consisting of the addition of the two-ordering vectors. Our
results indicate that centrosymmetric itinerant magnets will
provide a fertile playground for searching for further exotic
SkXs through the electron correlation.
Let us start by classifying the SkXs from the symmetry
viewpoint. We here consider the four types of the SkXs where
each skyrmion core periodically aligns in a square-lattice way
under the strong fourfold rotational anisotropy, as shown in
Fig. 1. Since all the SkXs break both the spatial inversion
and time-reversal symmetries, they are classified into the ro-
tational and mirror symmetries. As the vorticity l stands for
the winding number of the spin textures projected onto the
xy spin plane, it is related to the rotational symmetry around
the z axis, namely, l = +1 in the Ne´el and Bloch SkXs cor-
responds to the fourfold rotational symmetry, while l = −1
in the two anti-SkXs corresponds to the fourfold rotational-
inversion symmetry. On the other hand, the helicity γ is re-
lated to the [100] mirror symmetry regarding the xy spin com-
1
ar
X
iv
:2
00
9.
06
82
1v
1 
 [c
on
d-
ma
t.s
tr-
el]
  1
5 S
ep
 20
20
J. Phys. Soc. Jpn. LETTERS
Noncentrosymmetric 
magnets 
(DM interaction)
Centrosymmetric 
magnets 
(Spin-charge coupling) ✓✓✓ ✓O
A
A
A
A
A
A
A
A
Fig. 1. (Color online) (Upper panel) Classification of the skyrmion crystals (SkXs) according to their vorticity l and helicity γ: the Ne´el SkX with (l, γ) =
(+1, 0), the Bloch SkX with (+1, pi/2), the anti-SkX I with (−1, 0), and the anti-SkX II with (−1, pi/2). The middle panel shows the case of the SkXs in the
presence of the DM interaction in noncentrosymmetric magnets. The blue arrows represent the DM vector on the nearest-neighbor bonds on a square lattice
where the corresponding point groups are shown. The bottom panel shows the signs of the effective anisotropic interactions to lift the degeneracies of (l, γ)
through the spin-charge coupling in centrosymmetric itinerant magnets.
ponent, i.e., absence (presence) of the [100] mirror plane in-
dicates γ = 0, pi (γ = ±pi/2) in the Ne´el (Bloch) SkX.
The square-lattice SkXs are characterized by a superposi-
tion of two cycloidal or proper-screw spirals, whose spin tex-
tures are given by
Si =

cx sin(Q1 · ri + θ1) + c′x sin(Q2 · ri + θ′2)
cy sin(Q2 · ri + θ2) + c′y sin(Q1 · ri + θ′1)
M˜ − cz
[
cos(Q1 · ri + θ′′1 ) + cos(Q2 · ri + θ′′2 )
]
 , (1)
where cx, cy, cz, c′x, c′y, M˜, θη, θ′η, and θ′′η (η = 1, 2) are numeri-
cal coefficients depending on the model parameters. When the
ordering vectors Q1 and Q2 are oriented along the x and y di-
rections, respectively, the four types of the SkXs in Fig. 1 are
represented as follows: cx = cy and c′x = c′y = 0 in the Ne´el
SkX, cx = cy = 0 and −c′x = c′y in the Bloch SkX, cx = −cy
and c′x = c′y = 0 in the anti-SkX I, and cx = cy = 0 and c′x = c′y
in the anti-SkX II.
One of the four-types of the SkXs can be unambiguously
selected in noncentrosymmetric crystal structures owing to
the emergent DM interaction. In other words, the types of
the SkXs are expected from the noncentrosymmetric point
groups: the Ne´el SkX is induced under the point group C4v,
the Bloch SkX is induced under the point group D4, and the
two anti-SkXs are induced under the point group D2d. It is
noted that the helicity (0 or pi in the Ne´el SkX and anti-SkX
I, and +pi/2 or −pi/2 in the Bloch SkX and anti-SkX II) is de-
termined by the sign of the DM vector. The correspondence
among the SkX spin textures, DM interactions, and the point
groups is shown in Fig. 1.
Meanwhile, in centrosymmetric magnets where the DM in-
teraction is absent, the exchange interactions through the elec-
tron correlation play an important role in determining l and γ.
In this case, symmetric anisotropic interactions narrow down
the types of the SkXs.
To demonstrate that, we consider an effective spin model
with the bilinear and biquadratic interactions in momentum
space, which is obtained from the Kondo lattice model con-
sisting of itinerant electrons and localized spins.40, 47–50) The
model Hamiltonian is given by
H =2
∑
ν
−J
∑
α,β
Γ
αβ
Qν
S αQνS
β
−Qν
 + KN
∑
α,β
Γ
αβ
Qν
S αQνS
β
−Qν
2

− H
∑
i
S zi , (2)
where N is the system size and α, β = x, y, z. SQη (η = 1, 2)
is the Fourier transform of the localized spin Si, which is re-
garded as a classical vector with |Si| = 1. We take the order-
ing vectors Q1 = (pi/3, 0) and Q2 = (0, pi/3), which are set by
the nesting of the Fermi surfaces. The following analysis is
applied to the other ordering vectors whenever the magnetic
susceptibility of itinerant electrons shows maximum peaks at
their positions. The first term in Eq. (2) represents the RKKY
interaction with the coupling constant J > 0, while the second
term represents the biquadratic interaction with K > 0. ΓαβQη is
a form factor to represent the magnetic anisotropy.50) By as-
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Fig. 2. The cycloidal and proper-screw spirals in the directions of Q1 and
Q1+Q2 depending on the sign of the anisotropic interactions ΓAQ1 and Γ
A
Q1+Q2
.
suming the centrosymmetric point group D4h, the symmetry
analysis leads to the form factors at Q1 and Q2 represented as
ΓQ1 =
 Γ
xx 0 0
0 Γyy 0
0 0 Γzz
 , ΓQ2 =
 Γ
yy 0 0
0 Γxx 0
0 0 Γzz
 .
(3)
We also introduce ΓAQ1 = Γ
yy − Γxx to represent the in-plane
(bond-dependent) anisotropy. It is noted that ΓαβQη is invari-
ant under the fourfold rotational symmetry. The third term
stands for the Zeeman coupling to an external magnetic field
H along the z direction. We here do not consider a crystalline
anisotropy in the form of the single-ion anisotropy, since it
does not contribute to the degeneracy lifting in SkXs.
The form factors ΓαβQη determine the type of the spirals; For
ΓAQ1 < 0 (Γ
A
Q1 > 0), the cycloidal (proper-screw) spiral state is
stabilized in the ground state for K = H = 0 in Fig. 2 (Note
that the degeneracy between clockwise and counterclockwise
spirals still remains).51) This indicates a possibility to have
the Ne´el SkX or anti-SkX I for ΓAQ1 < 0, since they are formed
by the superposition of two cycloidal spirals.47) In a similar
manner, the Bloch SkX or anti-SkX II can appear for ΓAQ1 > 0.
In fact, one of the authors and his collaborators clarify that
the Bloch SkX or anti-SkX II is stabilized in the intermediate
magnetic field region for nonzero K, H, and ΓAQ1 > 0.
50) Note
that there is a still degeneracy in terms of l, i.e., a degeneracy
between Ne´el SkX and anti-SkX I (Bloch SkX and anti-SkX
II) in the model in Eq. (2).
Under these circumstances, there is a natural question: how
is the remaining degeneracy lifted? To address the question,
we focus on the multiple-Q nature in the SkXs. The SkX spin
textures in Eq. (1) include the higher-harmonic components of
the ordering vectors, such as Q1 + Q2, which also contribute
to the total energy, although their contributions have usually
been neglected as small. However, as we will describe below,
the infinitesimally small contributions at Q1 + Q2 and Q1 −
Q2 are enough to lift the remaining degeneracy by combining
ΓAQ1 .
The form factors ΓαβQ1+Q2 and Γ
αβ
Q1−Q2 are given as
ΓQ1+Q2 =
 Γ
′xx −Γ′xy 0
−Γ′xy Γ′xx 0
0 0 Γ′zz
 ,
ΓQ1−Q2 =
 Γ
′xx Γ′xy 0
Γ′xy Γ′xx 0
0 0 Γ′zz
 , (4)
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Fig. 3. (Color online) Magnetic field (H) dependence of (a) Mz and χsc and
(b), (c) (m
Q‖
ζ )
2, (mQ⊥ζ )
2, and (mzζ )
2 for (b) ζ = Q1 and Q2 and (c) ζ = Q1 +Q2
and Q1 − Q2 at K = 0.5, ΓAQ1 = 0.045 (Γxx = 0.855 and Γyy = 0.9), and
ΓAQ1+Q2
= −0.01.
where we use the notation ΓAQ1+Q2 = Γ
′
xy hereafter. Among the
parameters in Eq. (4), ΓAQ1+Q2 lifts a part of the degeneracy in
the SkXs in a different way from ΓAQ1 ; Γ
A
Q1+Q2 < 0 (Γ
A
Q1+Q2 > 0)
favors the cycloidal (proper-screw) spiral state in Fig. 2,51)
which indicates that ΓAQ1+Q2 < 0 (Γ
A
Q1+Q2 > 0) gives rise to the
Ne´el SkX or anti-SkX II (Bloch SkX or anti-SkX I).
The sign set of ΓAQ1 and Γ
A
Q1+Q2 can lift the degeneracy in
terms of l and γ in the SkXs, although the individual only lifts
a part of the degeneracy. This is because the spin textures in
the Ne´el SkX and anti-SkX I (Bloch SkX and anti-SkX II),
which are degenerate in Eq. (3), show different oscillations
along the 〈110〉 direction. Such different spin textures along
the 〈110〉 direction are affected by ΓAQ1+Q2 in Eq. (4), which
results in lifting the degeneracy. We display the sign set of
ΓAQ1 and Γ
A
Q1+Q2 in each SkX in the lower panel in Fig. 1.
Next, we perform the simulated annealing by means of
Monte Carlo simulations for N = 962 in order to demon-
strate the emergence of four types of the SkXs. The simu-
lations have been done by following the manner in Ref. 40.
We set the final temperature as T = 0.01, and confirmed that
the qualitatively same results were obtained for a lower tem-
perature. In addition to the model parameters, J = 1, K = 0.5,
Γxx = 0.855, Γyy = 0.9, and Γzz = 1, which stabilize the
Bloch SkX or anti-SkX II in the intermediate H region, we in-
troduce the contributions of the higher harmonics in Eq. (4).
3
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Considering the situation where the magnetic bare suscepti-
bility shows sharp peaks at Q1 and Q2, we assume the small
contributions at Q1 + Q2 and Q1 − Q2, Γ′xx = Γ′yy = Γ′zz = 0
and ΓAQ1+Q2 = −0.01, for simplicity.
Figures 3(a)-3(c) show the results against H. The net mag-
netization Mz = (1/N)
∑
i S
z
i and the scalar chirality χsc =
[(1/N)
∑
i,δ=±1 Si · (Si+δxˆ × S j+δyˆ)]2 [xˆ (yˆ) is the unit vec-
tor in the x (y) direction] are shown in Fig. 3(a), while
the Q1 and Q2 (Q1 + Q2 and Q1 − Q2) components of the
magnetic moment (mQ‖q ,m
Q⊥
q ,mzq), which are orthogonal with
each other, are shown in Fig. 3(b) [Fig. 3(c)]. Here, mzq =√
S zz(q)/N represents the z spin component, where S αα(q) =
(1/N)
∑
i, j S αi S
α
j e
iq·(ri−r j) is the spin structure factor for the
α = x, y, z spin moments, whereas mQ‖q (m
Q⊥
q ) represents the
inplane components parallel (perpendicular) to the q direc-
tion.
There are four magnetic phases with nonzero magnitudes
at Q1 and Q2, i.e., the double-Q states, as shown in Fig. 3(b).
Among them, the intermediate state stabilized for 0.55 . H .
0.63 corresponds to the SkX exhibiting the net scalar chirality
χsc, as shown in Fig. 3(a). The important point is that the SkX
always has the small contributions of mQ‖q or m
Q⊥
q at Q1 + Q2
and Q1 − Q2 in Fig. 3(c), in which their difference results in
the degeneracy lifting between the Bloch SkX and anti-SkX II
by ΓAQ1+Q2 . The real-space spin configuration obtained by the
simulated annealing is shown in Fig. 4(a) where the skyrmion
core is located at the center of the square plaquette in the lat-
tice structure. As expected from the above argument, the anti-
SkX II is obtained in the present model parameters for ΓAQ1 > 0
and ΓAQ1+Q2 < 0.
The other three SkXs can be also obtained by reversing
the sign of ΓAQ1 and/or Γ
A
Q1+Q2 . We show the obtained SkX
spin textures for different sets of signs at fixed H = 0.6 in
Figs. 4(b)–4(d); the Bloch SkX for ΓAQ1 > 0 and Γ
A
Q1+Q2 > 0
in Fig. 4(b), the anti-SkX I for ΓAQ1 < 0 and Γ
A
Q1+Q2 > 0 in
Fig. 4(c), and the Ne´el SkX for ΓAQ1 < 0 and Γ
A
Q1+Q2 < 0 in
Fig. 4(d). Thus, the signs of the effective anisotropic RKKY
interactions not only at the ordering vectors Q1 and Q2 but
also at the higher harmonic vectors Q1 + Q2 and Q1 − Q2 de-
termine the types of the SkXs in centrosymmetric magnets.
Finally, we discuss the origin of the anisotropic form fac-
tors ΓAQ1 and Γ
A
Q1+Q2 . From the fact that the effective spin
model is obtained by the perturbation expansion with re-
spect to the spin-charge (Kondo) coupling in the Kondo lat-
tice model, and the spin-charge coupling is also obtained by
the perturbation expansion with respect to the hybridization
between itinerant and localized electrons in the periodic An-
derson model, the nature of the anisotropic form factors arises
from the hybridization between itinerant and localized elec-
trons. In particular, the spin-orbit coupling in multi-orbital or
multi-sublattice systems leads to effective spin-dependent hy-
bridization between itinerant and localized electrons even on
a centrosymmetric lattice, which gives rise to the microscopic
origin of the anisotropic form factors. As a result, the magni-
tudes of ΓAQ1 and Γ
A
Q1+Q2 depend on the orbital nature and the
sublattice position as well as the electronic band structures.
Furthermore, we confirmed that the signs of ΓAQ1 and Γ
A
Q1+Q2
are sensitive to above factors, which indicates that the types of
the SkXs in materials can be changed by an external pressure
-1  0  1
(a) (b)
(c) (d)
Fig. 4. (Color online) Real-space spin configurations in (a) the anti-SkX II
for ΓAQ1 = 0.045 and Γ
A
Q1+Q2
= −0.01, (b) the Bloch SkX for ΓAQ1 = 0.045
and ΓAQ1+Q2 = 0.01, (c) the anti-SkX I for Γ
A
Q1
= −0.045 and ΓAQ1+Q2 = 0.01,
and (d) the Ne´el SkX for ΓAQ1 = −0.045 and ΓAQ1+Q2 = −0.01 obtained by
the simulated annealing with N = 962. The contour shows the z component
of the spin moment, and the arrows represent the xy spin components. The
other parameter is H = 0.6. In each spin texture, a part of the whole lattice is
shown.
and electron doping. The detailed analysis of the anisotropic
form factor will be reported elsewhere.
In summary, we have proposed the degeneracy lifting of the
vorticity and helicity degrees of freedom in the SkXs in itin-
erant centrosymmetric magnets. We have demonstrated that
four types of the SkXs can be realized by considering the
signs of the two symmetric anisotropic interactions in the
effective spin model without relying on the DM-type anti-
symmetric interactions rooted in the specific noncentrosym-
metric point groups. We showed that the contributions from
the higher harmonics cannot be neglected to determine the
types of the SkXs. As the magnitude and sign are depen-
dent on the atomic orbitals and electronic band structures, it
would be possible of controlling and engineering the SkXs in
centrosymmetric magnets by changing the external parame-
ters, which is in contrast to the conventional SkXs in noncen-
trosymmetric magnets.
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